We analyze, in the context of a simple toy model, for which renormalization schemes the CPproperties of bare Lagrangian and its finite part coincide. We show that this is the case for the minimal subtraction and on-shell schemes. The CP -properties of the theory can then be characterized by CP -odd basis invariants expressed in terms of renormalized masses and couplings.
The strength of CP -violation in a given model can be parametrized in terms of a few CP -odd flavor-basis invariants which vanish if CP is conserved. Originally they have been introduced in [1] to provide a conventionindependent measure of CP -violation in the quark sector of the Standard Model. In [2] [3] [4] similar invariants have been constructed to parametrize CP -violation in the leptonic sector of the Standard Model supplemented by heavy Majorana neutrinos [5] [6] [7] [8] . In a perturbative calculation CP -violation manifests itself at loop level. The loop contributions are in general divergent and must be renormalized. Thus, we have to distinguish between bare and renormalized quantities. After renormalization the original Lagrangian can be represented as a sum of basic Lagrangian, which has the same form as the bare one but contains only the renormalized quantities, and counterterms. Analyzing the basic Lagrangian one can define the flavor-basis invariants characterizing its CPproperties. However, it is important to keep in mind that CP -properties of the basic Lagrangian may differ from those of the bare one. For instance, even if the the basic Lagrangian is CP -conserving the counterterms may contain CP -violation, such that the full theory is CPviolating. In this short note we analyze for which renormalization schemes CP -properties of the bare and basic Lagrangians coincide. For such schemes the strength of CP -violation of the full theory can be characterized by the CP -odd flavor-basis invariants expressed in terms of the renormalized masses and couplings. This work is motivated by studies of leptogenesis [9] in the Standard Model supplemented by the Majorana neutrinos. Typically one is interested in the calculation of the produced asymmetry for a wide range of model parameters including the particularly interesting case of a quasi-degenerate Majorana mass spectrum. Instead of starting with the bare Lagrangian one usually chooses the renormalized masses and couplings in the basic Lagrangian and (implicitly) fixes the counterterms by choosing a particular renormalization scheme. In the limit of a vanishing mass difference the basic Lagrangian * andreas.hohenegger@epfl.ch † alexander.kartavtsev@mpp.mpg.de is CP -conserving and the asymmetry is expected to vanish. However, the counterterms may in principle contain CP -violation thus leading to the generation of a nonzero asymmetry even though the basic Lagrangian is CPconserving. A related problem arises when one attempts to approximately take thermal effects into account by introducing effective thermal masses and couplings. The replacement of the vacuum masses and couplings in the counterterms by the thermal ones may change their CPproperties and, in principle, induce CP -violation even if the original theory is CP -conserving.
Similar questions also arise in the context of a simple toy model that has been used in [10] [11] [12] to study qualitative features of leptogenesis in the framework of nonequilibrium quantum field theory. The action is given by S = d 4 xL, where the Lagrangian of the model contains one complex and two real scalar fields:
where the bar denotes complex conjugation and the subscript '0' denotes the bare fields, couplings and mass parameters. The real and symmetric mass matrixM 2 0 mixes the two generations of real scalar fields ψ 0,i . The couplings h 0 take arbitrary complex values and can induce CP -violation. Rephasing the complex field, we can always make one of the couplings real. On the other hand, the relative phase of the couplings is rephasing invariant. The renormalized fields, masses and couplings are related to the bare ones by
The matrix Z ψ is a general real matrix which is relevant for the renormalization of mixing fields [13] [14] [15] [16] , and the matrix Z h is a general complex matrix. Rewritten in terms of the renormalized fields, masses and couplings the Lagrangian takes the form
The counterterms read
where we have introduced
Let us begin with the analysis of the basic Lagrangian.
Generically CP -transformation turns a complex scalar field into its complex conjugate evaluated at x = (x 0 , − x) times an arbitrary phase:
The complete CP -transformation for the mixing scalar fields ψ is found by splitting the Lagrangian into kinetic part and rest. The kinetic part is taken to define CP and the complete CP -transformation therefore includes an internal (orthogonal) symmetry transformation U ij which leaves this term invariant,
The invariance properties of the remainder determine to which extent the Lagrangian violates CP . The internal symmetry transformation can be a flavor rotation or reflection,
where we have introduced c ≡ cos(α) and s ≡ sin(α) to shorten the notation. A product of a flavor rotation and reflection is again a reflection. Comparing the CPtransformed action S = (CP )S(CP ) −1 with its original form we obtain the following conditions for CP -invariance:
If for a given set of couplings and mass parameters we can find β and U ij such that conditions (9) are fulfilled then the Lagrangian is CP -invariant. In general, the mass matrix has nonzero off-diagonal elements. To simplify the analysis we perform a flavor rotation to the basis where it is diagonal,
, in this basis, the first condition is fulfilled only for rotations by α = 0, π and reflections about α/2 = 0, π/2, i.e. we have to consider only four choices of U ij . The second of conditions (9) is equivalent to the requirement that the matrix 
Re
Evidently, Im H 12 is an invariant, while Re H 12 can be made zero through a rotation by the angle
If the mass matrix is proportional to unity, then we can always rotate to the basis where Re H 12 vanishes. Therefore, the Lagrangian is also CP -invariant in this case. Summarizing the above, the basic Lagrangian (3) is CPinvariant if either Im H 12 = 0, Re H 12 = 0 in the basis where the mass matrix is diagonal, or the mass matrix is proportional to unity. Let us now consider
As can readily be verified, J is invariant under the flavor transformations and, using (9) in a general basis, that it is CP -odd. In the basis, in which the mass matrix is diagonal it takes the form
Evidently, it vanishes if the theory is CP -conserving. In other words, it is a basis-independent measure of CPviolation in the basic Lagrangian for the model under consideration. CP -violating observables, such as the CPviolating parameters, are expected to be proportional to J and to vanish if J = 0. In order that the full renormalized Lagrangian be CPinvariant, the sum of the renormalized masses and couplings and the corresponding counterterms must satisfy conditions similar to (9):
The requirement of CP -invariance of the kinetic term induces an additional condition,
If (9) are fulfilled, then the resulting additional conditions for CP -invariance of the full theory read:
where ∆H ij ≡ h i ∆h * j + ∆h i h * j + ∆h i ∆h * If the couplings and mass parameters in (12) are numerically equal for two different choices of ∆Z, ∆M 2 and ∆H, i.e. for two different renormalization schemes, then the values of J are also equal. However, it is important to keep in mind that they correspond to two different bare Lagrangians and therefore we deal with two physically inequivalent theories. Consider for example the self-energy. The renormalized self-energy, Π ij , is related to the unrenormalized one, Π 0,ij , by
In quantum field theory the self-energy contributes to physical observables. In particular, it shifts the pole masses and generates the self-energy CP -violating parameters [11] . The divergent parts of the counterterms are fixed by the requirement that they cancel the divergent part of the self-energy. At the same time the finite part is restricted only by the requirement that the perturbative expansion must converge and differs in different renormalization schemes. Thus the explicit form of the self-energy is also different in different renormalization schemes. Therefore, if we would keep the couplings and mass parameters constant but change the renormalization scheme, the resulting values of the pole masses and CP -violating parameters would also change. For the model considered here the one-loop unrenormalized self-energy is given by [11] ,
where
is the usual two-point function [18, 19] and ∆ ≡ ǫ −1 −γ + 4π + 2 contains the divergent contribution. We will also need the three-point functions. At one loop level they read:
is a complex-valued function and we have taken into account that b is massless. Since C 0 is finite, the three-point functions are finite as well. Note also that the three-point functions (20a) and (20b) are different in the presence of CP -violation. Let us now consider the two most commonly used renormalization schemes, the MS and OS schemes. In both cases we define the counterterms in the basis where the matrix of the mass parameters is diagonal. In the MS scheme one introduces only those counterterms, which are required to cancel the divergencies:
Since ∆H ij = 0 in this scheme, Im H 12 = 0 is sufficient for CP -invariance of the full theory. Furthermore, if Re H 12 = 0 then the counterterm (22b) is diagonal and the theory is also CP -conserving in this case. For M 2 ∝ 1 the form of the counterterms remains the same and the analysis is completely analogous. In the OS scheme the renormalized self-energy is required to satisfy the following conditions:
Since the three-point functions (20a) and (20b) are in general different, it is impossible to choose ∆h i such that
The resulting counterterms read:
Since Im ∆H 12 = 0 for Im H 12 = 0, this condition is sufficient for CP -invariance of the full theory. If Re H 12 = 0 then both ∆Z and ∆M 2 = 0 are diagonal. Furthermore, in this case Re ∆H 12 = 0 and therefore the theory is CP -conserving. For M 2 ∝ 1 we obtain, taking the limit
2 in (25a) and (25b),
Since the flavor properties of (26) are determined by flavor properties of the overall factor Re H ij , we can always rotate to the basis where Re H 12 = 0. In this basis both ∆Z and ∆M are diagonal and, as before, Re ∆H 12 = 0. Therefore, the theory is again CP -conserving. In other words, for the MS and OS renormalization schemes the definition (12) which characterizes CP -properties of the basic Lagrangian can be used as a basis-invariant measure of CP -violation in the full theory. Let us note that since ∆Z is a symmetric matrix in both schemes, we can solve equation (5a) with a symmetric matrix δZ ψ = ∆Z. Then (5b) can be solved trivially for δM 2 . Finally, from (5c) we can infer δZ h . For illustrational purposes let us present a simple example where the full theory is CP -violating even though basic Lagrangian is CP -conserving. We choose
where, in the basis in which the mass matrix is diagonal, ReH 12 = 0 and ∆M 2 ij is a finite matrix with nonzero off-diagonal elements. For this choice J = 0 but the condition (16a) is violated and therefore the full theory is expected to be CP -violating. To convince ourselves that this is indeed the case we can shift ∆M 2 ij to the mass term of the basic Lagrangian. This transformation does not change the bare Lagrangian and therefore we deal with physically the same theory. After the transformation we have MS counterterms and finite Lagrangian with a non-diagonal mass matrix. In the basis where the new mass matrix is diagonal ReH 12 is no longer zero and therefore J = 0, as expected.
It is also instructive to analyze the less trivial case of effective thermal masses mentioned in the introduction. In the MS scheme the counterterms do not depend on the masses and therefore remain unaffected. On the contrary, in the OS scheme the vacuum masses in (25) are replaced by the thermal ones [11] . Typically, the calculation of the generated asymmetry is performed in the basis where the mass matrix is diagonal and assuming M 2 2 = M 2 1 . As has been discussed above, in the limit of equal vacuum masses the theory is CP -conserving. An essential point in the proof is the form of the counterterms in this limit, see (26), which ensures that the latter are diagonal in the basis where Re H 12 = 0. However, if the vacuum masses in (25) are replaced by the thermal ones, then in the limit of equal vacuum masses the counterterms do not take the form (26) and the conditions of CP -invariance are not fulfilled. In other words, in the OS scheme the replacement of the vacuum masses in the counterterms by the thermal ones artificially introduces CP -violation.
Above we have studied the conditions under which the full theory is CP -invariant provided that the basic Lagrangian is CP -invariant. However, one should keep in mind that there is also the possibility of exact cancellation such that the full theory is CP -conserving even though both the basic Lagrangian and counterterms are CP -violating. For instance, for the choice of counterterms made in (27) this would be the case if the matrix of the mass parameters in the basic Lagrangian has the form M 2 ij = M 2 δ ij − ∆M 2 ij . In such a case perturbation theory at finite loop-order can result in CP -violating quantities and also J = 0 even though the full theory is CP -conserving.
To summarize, in this note we have analyzed for which renormalization schemes CP -properties of the bare and basic Lagrangians coincide. Since for the same couplings and mass parameters of the basic Lagrangian, which determine the value of the CP -odd flavor invariant J, we can choose different renormalization schemes and therefore different counterterms (which would imply that the corresponding bare theories differ), the latter can induce CP -violation even if J = 0. However, for the two most commonly used schemes, the MS and OS schemes, the condition J = 0 is sufficient to ensure that the full theory is CP -conserving. We have also argued that one has to be careful when using effective thermal masses because for some schemes the replacement of the vacuum masses by the thermal ones in the counterterms may induce CPviolation even if the original theory is CP -conserving.
